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Introduction

1.1 Definition of 8(z, 7) and its preiodicity in z
The central character in our theory is the analytic function 6(z, T) in 2 variables defined by

0(z,7) = Z exp(inn’t + 2minz)

nez
where z € C,7 € H.
The series converges absolutely and uniformly on compact sets; in fact, if [Imz| < c¢(Imz > —c) and

Imt > g, then

|exp(i7rn27' + 2ming)| = exp(—nnzlmz) - exp(—2nnlmz)

< exp(—nn’e) - exp(2mnc) — 0

if ng is chosen so that
exp(—meny) - exp(—2nc) < 1

then the inequaltiy
exp(—ﬂnzs) -exp(2nnc) < exp(—ﬂs(n2 — nny))
shows that the series converges ant that too very rapidly. (3 > /827 NZE[E] E z,t D & 0 512 & & FHEGFIY
WTBALEXNTIA )
We may think of this series as the Fourier series for a function in z, periodic with respectto z — z + 1
0(z,7) = Z a,(t) exp(2ninz), a,(t) = exp(nin®7)
nez

which displays the obvious fact that
0z+1,7)=0(z,7)

The precullar form
TBD
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1.2 6(x, it) as tha fundamental periodic solution to the Heat equation

1.3 The Heisenberg group and theta functions with characteristics

In addition to the standart theta functions discussed so far, there are variants called

"theta functions with characteristics" which play a very important role in understanding the functional

equation and the identities satisfied by 6, as well as the application of 6 to elliptic curves. These are
best understood group-theoretically. To explain this, let us fix a, 7 and then rephrase the definition of the
theta function 6(z, ) by introducing transformations as follows:

For every holomorphic function f(z) and real numbers a and b, let

SpNz) = f(z+Db)
(Tof)(2) = exp(ina*t + 2niaz) f(z + ar)

Note then that:

S5, (S, /) = Sp46,(f)
T.(Tof) = exp(iﬂafr + 2mia12)(T, f)(z + a) tau)
= exp(iﬂa%‘r + 2mia,z) exp(iﬂag‘r + 2miay(z + a17)) f(z + a1 + ax71)

= exp(im'(af + a% + 2a1az) + 2ni(a) + a2)2) f(z + a1T + aa7) = T4 40,(f)

These are the so called "1-parameter groups", which means continuous homomorphism from R to groups.

Howeve, they do not commute!. We have:

Sp(Taf)2) = (To)(f(z + b))

= exp(na’it + 2mia(z + b)) f(z + at + b)

and

T.(Spf)(2) = exp(ﬂazi‘r + 2miaz)(S pf)(z + ar)

= exp(nd®it + 2miaz) f(z + at + b)

and hence

S, 0T, =expniab)T, o S, ()
The group of transformations generated by the T,,’s and S,’s is the 3-dimensional group
G=CIxRxR,(C]={zeC||z =1}
where (4, a, b) € G stands for the transformation:
Uanf(@) = ATy 0 Spf)(2)

This is because,

Ta1 Sb1 Ta2S},2 = exp(27ria2b1 )Ta1 TaZS b sz
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= exp(2nazb1)T o, +a,S by +bs

hence,the group generated by 7, S is subset G, and

Uap) = Tac1SaT1S p-2

The group law on G is given by

(A, a,b)(A',d’,b") = (A exp(2riba’),a + a’,b + b")

Note that
Z(G) =C| =[G,G]

FHZREAD 2 p o 2 ZNEFEHL THEL &, (L a,b) € Z(G) £ $H &, ERD (V,d', b)) e GITRL,

(A, a,b)(A,d’,b") = (A exp(2riba’),a + a’,b + b")
=,d,b')A,a,b)
= (A" exp(2rib’a),a + a’,b + b")

75D Texplab’ —ba')y =1 7% 0D,a=0b=0U»dH0AR\. 23 KO EKHBARKLRDT
[G.GCCiThVa=d =b=10=n2 UTAHAETNUITANTOC; BEEL I LW DD 5.
Z DRER
{1>Cy=16.61>G
& D nilpotent group & 7 5. LT & 7z nilpotent group % Heisenberg group & \» 5. In fact, the
relation * is simly Weyl’s integrated form of the Heisenberg commutation relations. Now recall that we

have the classical theorem of Von Neumann and Stone which says that G has a unique ireducible unitary

representation in which (4, 0, 0) acts by A (identity)
ZITRHZOBE/HLELBRRENTWEY, XA, E %2 C LOFRIBER2AE U,f € EWZRL,

1Al = fc exp(=2my? /Tmo)| f(x + i) xdy

LRED,
H=A{feElfIl < oo}

&35, HHICHESEHE S 2 & Unitary [ 3/”3¥ 5. H A Hilbert space TH 5 Z & Hprt 5. hfE
MDIEO DI ENSHMERTH S Z EWWVWA, fIIOWREZFHET 5 Z & TRMMENPS X 5. 7272
irreducible 7*X° unique (FAH. 7272 ZF TN L B 7.

To return to ; note that the subset
={(l,a,b) e Gla,beZ}

is a subgroup of G, By the characteriuzation of 6 in 1.1, we see that, upto scalas, 6 is the unique entire

function invariant under Gamma. Suppose now that ¢ is a positive integer; set £{I" = {(1, fa, £b)} C I" and

V¢ = {entire functions f(z)invariant under(I’}

Then, we have the following
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Lemma 1.3.1. An entire function f(z) is in V; if and only if

fl@) = Z Cn exp(min®t + 27ingz)
neljtz

such that ¢, = ¢, if n —m € €Z. In particular, diim¢ = £,
Proof. f(z) € V; DI, S, TRERDT,
Se()@) = fl+2) = f2)

LRBDOTHEM ¢ Kb, £NIZ DWW T Fourier Expansion TZ 5.

f@)= Z ¢, exp(2ninz)

nel/tz

¢ = cpexp(nin’t) L LUT f(2) I T, 2EHS &5 L,

To(f)(z) = f(z + 1) exp(nil*t + 2milz)
= Z cn exp(rin®t + 2min(z + £1) exp(nit’t + 2mit7) = Z cn exp(mi(n + 0)°1 + 2xin(z + €))

X0 cp=cpop 725 HIFHS 2 O
For m € N. let u,, C Cj be the group of m-th roots of 1. For £ € N, let G, be the finite group defined as
Gr=pp X 1/Zx1)CZ

with group law given by
(A, a,b)(A',d’,b") = (A exp2ribad’),a + da’',b + b")
ZOWT C G REBIRNREC 22 DT, TN TH S Z LN TE,
1 1
gg =Up X EZ/ZZ X ZZ/[Z

& 72%. Noe the elements S/, T € G commute with {I'(in view of *) and hence act on V,. This goes

down to an action of G, on V;; in fact, exactly like G, the generators S |, of G, act on V; as follows:
S /[(Z Cn exp(m'nzr + 2ming)) = Z cn exp(2min/{) exp(m'nzr + 2ming)
and
Tief(2) = f(z+ 1/€r) exp(nil /7 + 27)
Lemma 1.3.2. Gy acts irreducibily on V.

TBD
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1.4 Projetive Embedding of C/Z + Zt by means of theta functions

The theta functions 6, defined above have avery important geometric application. Take any ¢ > 2. Let
E. be the complex torus C/A; where A, = Z + Zt. Let (a;, b;) be a set of coset representaiton of (%Z/Z)z,
0<i<{*-1. Write §; = 04, 5,- For all z € C, consider the £2-tuple

(Qo(fz, T), ey 9[2_1 (KZ, T))

INRPLT OTEEDD. & SIEBL ¢ E, > PO BED B,
Z D Well-defined 1%

e LOBBMPEZBORELDEY HFIZE oW, 250 a € A, 22U 2B &
6oz, 7),...,0p_1(tz,7)) = ABo(lz + a,7),...,0pn_1({z + a,7)) 127> TW5B, (EBIXERKTD
BEEIIREIEI V)

o HIEA G2 DIMIHE RN, DFE D, 2 THFHZ 0 &2 570,

FTHRMADOREILDOL D HIZk SR WI &2 RTEL. 0.+ 6,7) = Yz expri(a + n)*t + 2mi(n +

a)z+C+Db) THD,aleZ £V,0,,(z,7) & —ET 5.

Oup(z+4L1,7) = Z exp(mi(a + n)*t + 27i(n + a)(z + €t + b)) by definition
nez
= Z exp(m'(a2 +n® +2an +2nl + 2al)t + 2mi(n + a)(zt + b))
nez
= ) exp(ri((a +n+ ) = ()7 + 2mi(n + @)zt + b))
nez
= Z exp(mi((a +n+ €)% — )t + 27i (n + a + O)(zt + b) — {(zT + b))
nez
= ) exp(ri((a+n+ 0% = ()7 +2mi (n +a + Ot + b) — £27)
nez
= Z exp(—m'f2 — 2milzT) exp(mi((a + n + f)zT + 2mi(n + a + €)(zt + b))
nez
=1 Z exp(—m'f2 — 2nilzT) exp(mi((a + n + 0?7 + 27i(n + a + £)(z7 + b))
nez
=1 Z exp(—zrif2 — 2nilzT) exp(mi((a + n)’t + 2xi(n + a)(zt + b)) n=n+{DE S

nez

7272 Uexp(—mil* = 2mitzr = A LBz, ZTN& D a,b D& D I & 5T —EL{LT %728, well-defined
Thsb.
ETOITRSBVWZI LI IR obD s,

Lemma 1.4.1. 0 T%\» f € V, 1& C/EA, DIARFIR B2 2 HOX R ERKFD. 0,, DEA, Thix
(a+p+3.b+q+D(p.ge) kb, ZIHORIT i+ j DRG0, DEH T RS,

Proof. f OFEFUFHI LIZARWE S ITHER ST FEITBEIL TE X 5.0 TRWIERBEENEFIXHE LT
0 &7 A EBUTAEBREZ D T) Z DI, ¥ ok
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1 4
number of zeros of f = — f f—dz
27 o+0*+0+6* f

fz+0 = f(r £V fﬁ(r*f =0&745%. f(z+ lr) = constexp(—2milz)f(z) L1725 DT, f(z+ 1) =
const(=2nit exp(—2nilz) f(z) + exp(=2mitz) f'(z)) £ 78D

i 1 @) f'(z+ 1)
= d d
[sw AN RN T
(@ B const(—2nil exp(—2nitz) f(z) + exp(—27ilz) f'(2))
b f@ constexp(=2nitz) f(2)
_ (@ _ (2rilf2) + f'(2)
s J@) f(@)

: f _ =2mif f(z)
Js f@
= 2nil?

o TOPMHTHEIENEXTZ. 0(z,7) IZ C/A, E—2FIF¥uEzRf>o.(0=1).

91/2,1/2(—2, T) = Z exp (ﬂ'l(l’l + 1/2)27' + Zm'(n + 1/2)(—Z + 1/2))

nez

= " exp (mi(=m = 1/2)7 + 2mi(=m — 1/2)(~z + 1/2)) m=-n-1
mezZ
= Z exp (m'(m +1/2)%1 + 2mi(m + 1/2)(z + 1/2) — 2mi(m + 1/2))
mez
=— Z exp (mi(m + 1/2)*7 + 2mi(m + 1/2)(z + 1/2))
mez

= —01,2,12(2,7)

D5 011 13 2=0 TERIZRD (SHFEEKIZEHRELT O 2R TDORELVAKLS S ») £
D SRS NIX DA 5. O

Z D% ¢y DEEVEF% Embedding 12725 TW5 2 & % K5 .(TBD)

1.5 Riemann’s theta relations

HEAWROTIITESTS.
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0(z,7) 1= Y ez eXpUnnt+2inz), Ay 1= Z+7Z7, S ,0(z,7) = 0(z+a, 1), T,0(z, T) = exp(mia’t+2riaz)0(z+
ar,T)

A% A'A =m?l, L5455 35 HlAIE

1 1 1
1 -1 -1
-1 1 -1
-1 -1 1

bt

LB EAA=4L L5, ZhiE
G+y+u+ V) +@+y—u—+x—y+u—-v)’+x-y—u+v)?=4x"+y* +u’ +1°)

BEDD. ADPEHI D7D 0(z) :=60z,7), A=A, EEDD.
INoEFioTW OhRZ2EHET 5.

B(0) := 6(x)00)0a0) = > exp(mi Y n*yr + 2 ) xm))

n,m,p,qeZ

722U xn=xn+ym+up+vqg THY x,n %EDHNIAMRKICKLT 5.

B1 =0 19 19 10 :
5= (x+§) ()’+§) (ZH'E) (V+§)

2
= Z exp (m’(z T+ 2711'(2 xn) + mi Z n) 7272 x+1/2 #BEA L 7= 721}

n,m,p,qeZ

1 1 1 1 .
exp(min’t + 2min(x + ET)) = exp(mit(n + 5)2 - Zm’r + 27i(n + E)x — mix S SERK
1 1 1
exp(1/4mit + mix + Tin’T + 2min(x + ET)) = exp(mit(n + 5)2 + 2mi(n + E)x ADIEZBIA

DT, ZTNOHZHS &,

B (%7-) :=exp (m'(‘r + Z x)) 0(x + %)G(y + %T)@(M + %T)@(V + %T)

= > exp(mi( D+ 1727) 7+ 27 (Y 2 +1/2)))

n,m,p,q€Z

1 1 1 1 1
exp(m’nzr + 2min(x + 3 + 5‘1’)) = exp(mit(n + 5)2 - Zm’r + 27i(n + E)x — mix + min

1 1 1 1
exp(1/4mit + mix + min*t + 2min(x + 3 + ET)) = exp(mit(n + 5)2 + 2mi(n + E)x + min) jI={»)

I 1 1 1 1 1 I 1 I 1
B(E + ET) :=exp (m’(‘r + Z x)) 0(x + 3 + 57)0()1 + 3 + 5‘1’)6(14 + 3 + ET)Q(V + 3 + 5‘1’)

= > exp(ri( D+ 1/27) 7+ 27 () x(n+1/2)) +7i ) n)

n,m,p,q€Z
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B(1/2) = exp(ni ), n)B(0), B(1/2 + 1/27) = exp(7i Y n)B(1/2) IZ/25 Z & &

B(0) + B(1/27) = Z exp (i (Z n?) 7+ 2ni (Z xn))

n,m,p,qel /27

D, expiYn) i& Y WMEHDO L T2 51220, HFROGEIIHA S DT,

B(n) =2 Z exp (7ri (Z nz) T+ 2mi (Z xn))

n=0,1/2,1/271/2+1/27 n,m,p,qel /27

7272Un,m p,q l3ETEENPET 12+ ZDILTHH I SIZEFPEEIC R ZA2%2ES.

nlzé(n+m+p+q) xlzé(x+y+u+v)
m1=%(n+m—p—q) y1=%(X+y—u—V)
p1=%(n—m+p—q) mz%(x—y—lﬁv)
q1=%(n—m—p+q) vl=%(x—y—u+V)

3ae,ynt =Y nk Y an=3xn LR5DT,

B(n) =2 Z exp (m’ (Z nz) T+ 2mi (Z xn))

n=0,1/2,1/271/2+1/27 n,m,p,qel 27

=2 Z exp(rmi Z nHT + 27Ti(Z xiny))

ny,mp,pi,q1

IN& 0, UTOBGBRAIFONS.

(Ry) : Z e 0(x +mO(y + mb(z +n)b(v +n) =2 Z exp (m' (Z nz) T+ 2mi (Z xn))

n=0,1/2,1/271/2+1/27 nm,p,qel /2Z
IN%E O, ZHWTERT. 0, = T,S 0 = exp(ria*t + 2ria(z + b))0(z + at + b, 1) 7D T,
o0 = 0(z,7)
1
s = 0+ 5.7)
1
010 = exp(m’z1 + miz)0(z + 1/27,7))

0, 1 = exp(mit/4 + mi(z + %))9(1 + %(1 +7),7)

37
ThHhd. oz 90,0,00,1,91’0,91’1 K%j_
INSIZIEATORGRYES 5.

011(=2,7) = > exp (mi(n + 1/2)7 + 2mi(n + 1/2)(~2 + 1/2))

nez
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= Z exp (ni(—m — 1/2)* 7 + 2mi(-=m — 1/2)(~z + 1/2)) m=-n-1

mezZ

Z exp (mi(m + 1/2)*7 + 2mi(m + 1/2)(z + 1/2) = 2i(m + 1/2))

mezZ

= > exp (wi(m + 1/2)*7 + 2mi(m + 1/2)(z + 1/2))

mez

=—011(z,7)
¥ 3P TE RS,
Bo0(=27) = D exp(mi(-n)’T + 2i(-n)2)) = 6o0(z, 7)
0o.1(~2,7) = Z exp(mi(—n)*t + 2min(~z + %)) - Z exp(ri(—n)>t + 2mi(—n)(z + 1/2)) + 2nmi) = 691 (2, 7)
1 1
bro(-27) = ) exp(ri(n + 2)'T = 2mi(n + 2)2) = 61 0(z TIn=-n-1

Inzi> A TOREBRARFONS.

(Ry) : Z 0;,/(x)0; ; ()0, j(w)b; j(v) = 260,0(x1)60,0(y1)60,0(1)60,0(v1)

x% x+ 1 ICEEHZ S &, Y exp(rin’t + 2ring + 2xin) = Y exp(nin’t + 27ing), exp(m’;l1 +mi(z+ 1)) =
—exp(ni} +miz) L7525 DT,

(R3) : 60,0(x)00,0(y)00,0(t)80,0(v) + Gp,1(x)00,1(y)00,1(11)p,1(v)
= 010(x)01 001,01 ,0(v) — 61,1 (x)01,1(3)01,1(w)01,1(v)
= 260,1(x1)60,1(y1)00,1(11)80,1(v1)

ERL AR x=x+T7 LT B,
exp(mit + 2mix)0p 0(z + 7, T) = Z exp(mit + 2mix) exp(m’(n)zr + 21i(n)(x + 7)) = Op0(x, T)
= )" exp(ri(n + 1)? + 2m(n + 1)x) = foo(x, 7)
exp(mit + 2mix)fp 1 (x + T, T) = Z exp(mi(n + 1?7 + 2min(x + % +7)
= " explmi(n + 17 + 2ri(n + D(x + 1/2)) = i) = =601z, 7)
exp(mit + 2mix)01 0(x + 7, 7) = Z exp(mit + 2mix) exp(mit/4 + mi(x + 7)) exp(m’nz‘r + 2min(x + %T)
= Z exp(mit + 2xix + mit/4 + mi(x + T)
+mit(n + 1)? — mit + 27i(n + D(x + %T) = 2mi(x + %T))
= Z exp(rit/4 + mix)exp(ar(n + 1)* + 27i(n + 1)(x + %T) = 610(x)

exp(mit + 2mix)0; 1 (x + 7, 7) = =61 1(x)

ERA.
2x = x1 +y1 +uy + vy WO T, exp(rit + 2xix) = exp QL (wit/4 + wixy)) 725, Ko T

(R4) : 60,0(x)80,0(y)00,0(t1)80,0(v) — 8o,1(x)00,1(y)00,1(11)8,1(v)
+ 01,0(x)01 0(1)01,0(W)b1,0(v) — 61,1 (x)01,1(3)01,1 ()01 1(v)
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=260,1(x1)00,1(y1)00,1(t1)00,1(v1)

AN
EIRRIZ x Z x+T7+ 1 ICESHZ B2 2T,

(Rs) : 60,0(x)80,0(0)00,0(11)80,0(v) — 6o,1(x)00,1(¥)60,1(14)60,1(v)
= 61,0(x)01 0(y)01 0(Wb1 0(v) + 01,1(xX)01,1(y)01,1(w)61,1(v)
=201 1(x1)01,1(y1)01,1(11)01,1(v1)

nEOSND.
FloxZx+1/2,x+1/2t £ FTB5Z L THBRIZHELY AR BFLNS.
FrZoLTHEoNEZALS x=yu=v T Dl xy=x+v,yy=x—vu; =0,y =0&7%5.
011(0)=0 XV .Rs DALIF0ILRE. T oERNE2ERTE L

60.0(x)*60.0()* + 611 ()26 1 (1)* = 6.1 (x)*6p.1 ()* + 6.1 (x)*6p,1 (u)*
Y, ¥7-R2+R5 &0,
00.0(x)*00,0()* + 61.1(x)?01.1(1)* = 60,1(x)*00,1(1)* + 61,0(x)7010(1)* = Boo(x + u)Foo(x — 1)Bo(0)*

ERD. AR u U T x+u,x—u 2T 5 BERAPESNS.
ZHU7EBRRICu=0%2RATHILT,

60.1(%)%60.1(0)* + 61 0(x)*61 0(0)* = Boo(x)*Hp(0)*
NESND. FRRIZ (WAWAEHET S L)
00.1(x)%61,0(0)* — 61.0(x)%00.1(0)* = 611(x)*600(0)*

PRoND.
FoBEBRIZx=0%2_/ATE L

60.1(0)* + 61 9(0)* = Hpo(0)*

MNESH, 2 PaEDEER TIN5,

1.6 Doubly periodic meromorphic functions via 6(z, 1)

ZDETIZ 4 DDOFET E; E® meromorphic function /5. Tk C LOHFMHEEKTH >
TA; EERHTHANIX KO,
1.6.1 By restriction of rational functions from $3

de i C/Ar = POV (00(€2,7), ..., 0p_(Lz,T) 1E embedding 72> 72D T, € = 2 DEHIZH embedding
272 TWa, ZIT,LC—Plo #(a,be(0,1}) I3 meromorphic 27 5.
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1.6.2 As quotients of products of translates of 6(z) itself

al,...,ak,bl,...,bk ’:‘3 Zai=2b,~ (‘.’.Té :@H%

0(2 - a,-)
Q(Z — b,‘)

1<i<k
I3 A, LEBINTH B, 21,
6z +1) = ) exp(rin’T + 2zin(z + 1))
= Z exp(min’t + 2min(z)
=0(2)
0(z+7) = ) explrin’t + 2min(z + 7))
= > exp(ri(n + 1’7 = mit + 2(n + zri = 2zmi)
= " exp(—mit - 27iz)6(2)
£0,0z-—a+1)=0z—a),0(z—a+T1)=exp(—nit = 2ni(z—a))f(z—a) £725. £- T,

0(z—a;+1) _ 0(z — a;)
Q(Z—b,’+ 1) B Q(Z—b,’)

1<i<k 1<i<k

"D

0(z—a; + 1) B l—l exp(—mit — 27i(z — a;))0(z — a;)
0(z—b;+1) exp(—mit — 27i(z — b;))0(z — by)

1<i<k 1<i<k

B l_l exp(2mia;))0(z — a;)
exp(2nib;)0(z — b;)

I<i<k
. 0(z — a;)
=exp(2ni ) (a; — b))
Z J;Ik 0(z - b;)
_ 0z — a;)
1<i<k 9(2 bi)

L%, Ko T A, LA ARRIBEBIC 2 5.

1.6.3 Second logarithmic derivatives

log6(z + 1) = log 6(2),log 8(z + 7) = log 6(2) — (mit — 27iz) L7255 DT,

d? d2
pE -3 logb(z+ 1) = log 0(2)
ey, —HEMBEKTHS. £/ )
p(z) = ~iz log 01.1(2) + const
B ERT.pBEBOEREEZRVHTEUTDOIETH > 7.
1 1 1

p(z) = Z
(n,m)#0

—_ + —_—
(z = nwy —mwy))?  (nwy + mwy)? 22
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N ZEEAZRD Zo) + Zw, EIZZIROR%Z RO,
fMBBIECTH > T, 2w, + Zwy IZ—HM DXV R E KD Zw) + Zw, PN TE R Z R 72700 —FH A
BDBE, f(w1), f(w2) #0 RO T, L log f = f7 ¥ W, w, TRDMERD. £/

dZ _ f //_f12

az =R
THY, we Zw; +Zw, (L, ZIROWZEFEED., kOO T — 5 VBRI L 728 &0 772 IROBI
ROV, fAIXEMOEHETIERMZRDOT, 74 7—RBU f(2) = Y a,7" £$%.a0=0,a; 20 £72 0,

o = Bz napz" ")

Zz(anl anzn—l)Z
AXEBCED WD T2 DREUE-1 B A w € Zwy + Zwy 12D WTE AR f/f £ meromorphic
%DT,L log f D-1 ROBHIL 012755, T L log f+p (ZATHIE R 75\ — HH RS0 D
T, TR L 252 R 005, 0,1 OFEH 41056 Z+Zt E—ROXBHDOAEREDDT f D%
taiEr- L, LoOBBRREE3.

1.6.4 Sums of first logarithmic derivatives
aiEC,/liECVC“Z/li=O b N0
Z DK
d d
—logb(z+ 1) = — log6(z) — 2mi
dz dz

Y750,

d d .
> Ai-log e = a; +7) = > (- log bz = ap) = 27i)

d
= Z Ai— log0(z — a;)
dz

B0 T, RN GRERTH 5.
1 BZHE 2HBHZEREZ R 5.0,,022) % 0 OFETERT. H ZIXETEP - 72 BIFR A RI8(6}; = 6;;(x) L H
Cizkn,

000001010811 + 06160087165 + 0106}, 0608%1 + 011610861660 = 267010651000
2 Ux FIZUTTEDTNS.
1 1 1 1
x| = §(x+y+u+v),y1 = z(x+y—u—v),u1 = E(x—y+u—v),v1 = 5(x—y—u+v)

Wx=y=u=v=z%¢95¢,x=22y1=0,u;=0,v =0 &Y

2011(22)010(0)801(0)6800(0) = 4600(2)601(2)810(2)611(2)
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b, j—b‘i’ﬁ'/\/ﬂoo(ZZ) EETRIONHL L C...
2HHEE3IFHOBKER S, £72 A10

O11(x + w811 (x — w)63(0) = 67, (x)65, (1) — 63 ()67, (1)
R T2 AT S,

(011 (x + w)By 1 (x — u)63,(0))” = (8], (x + w)by1 (x — u)83,(0) — (811 (x + W), (x — w)6Z,(0))’
=67, (x + w)by1 (x — u)65,(0) — 28, (x + u)8},(x — 1)835(0)) + 611 (x + w)b, (x — u)65,(0)
= 267, (X)(05 (1) + Bo0 ()8 (1)) — 265, ()O3 (1) + 6011 (1)}, (1))

Tl x=zu=0%KRAT 5.

26/, (2)611(2)85,(0) — 26,,(2)*63,(0) = 267, (2)(B00(0)8}5(0)) — 2600(2)*6,(0)?

LB 7272 L,6),(0) = 0,87,(0) = 0 & ffi > 7=

d? 016y, 6]
—log0) = ——
a2 g0o11 %1
B 67,(2)(800(0)6,(0)) — Boo(2)*6;,(0)>
TR

_ 00 600(2)°8;,(0)°
B00(0) 65,(0)67,

p DA SRR E RBRITENT VDA, Thidn — 7 VIR U THREEFER L T, 72 = H A
ROT, EHEVIBREMS. DX DERDELT pi2) = & +az” + bz + .. LRDY,

2
P'(@) = -5 +2az+4b7 ...
z

X 0.9 (2)? - 4r@)° + 20ap(z) = const £ 72 5.

1.7 The functional equation of 6(z, 7)

So far we have concentrated on the behaviour of 6(z, T) as a function of z. Its behaviour as a function of
7 is also extremely beautiful, but rather deeper and more subtle.

To be precise, fix any

a b
(c d)eSLz(Z)

and assume that ab, cd are even and ¢ > 0. Consider the function 6((ct +d)y, 7). Clearly, when y is replaced

by y + 1, the function is unchanged except for an exponential factor.

AN
7

Y(y, 1) = exp(mic(ct + d)yz)H((CT +d)y, 1)
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ETBHENy+1,7) =W0,7) BB, T GED = 1 EREE L,

0((ct +d)(y + 1), 1)/0((cT + d)y, T) = exp(mic(cT + d)yz)/ exp(mic(ct + d)(y + 1)2) = exp(—mic(ct + d)(2y + 1))

EREIERV, X7k,

O(ct+d)y+1),7) = Z exp(m'nzr + 2xin(ct + d)y + 2min(ct + d)) exp(nind) = 1
= Z exp(mi(n + ¢)*t — ¢*mit + 2rxin(ct + d)y) 772D
= Z exp(mi(n)>t — Anit + 27i(n — ¢)(ct + d)y) y D&

= Z exp(m'(n)zr + 2nin(ct + d)y — it — 2niy(ct + d)(c))
=0((ct +d)y, 1) exp(—c27ri7' = 2niy(ct + d)(c))
= 0((ct + d)y, ) exp(—mic(ct + d) — 2niy(ct + d)(c)) exp(—micd) =1

X0, HERTE5.



